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1. INTRODUCTION 
In [6], we obtained a strengthened form of Gorenstein’s signalizer functor 
theorem. In this paper, we apply this result to obtain a classification of finite 
simple groups which contain a “weakly embedded” 2-local subgroup. As an 
application, we then give a characterization of the smallest Suzuki group by its 
SyIow Z-subgroup, a result also obtained by Brauer (unpublished). In a forth- 
coming paper, we will derive further consequences. For example, we will 
prove that the exponent of a Sylow 2-subgroup of a simple group is bounded 
as a function of its nilpotence class. 
The proof is basically an application of the signalizer functor theorem [6]> 
which is used to show that the minimal counterexample contains a “strongly- 
embedded” subgroup, at which point we quote the fundamental classification 
theorem of Bender [2]. 
DEFINITION. Suppose that His a subgroup of a finite group G such that 
NJT) = Ai,( O(N,(T))” 
for all subgroups T L H which are either of order 2 or are Sylow 2-subgroups 
of H. Then we say that H is weakly embedded in G. 
MAIN THEOREM. Suppose A is a 2-subgroup of the finite group G and 
A;,(A) is weakly embeddedin G. Then, either G = N,(A) . O(G) or G/O(G)iz 
Aut G, , where Gl is a normal subgroup of G/O(G) containing AO(G)jO(G) and 
Gl is isomorphic to one of the following groups: 
(a) L,(q), q = 0, 3, 5 (mod S), 
(b) SJP+r), n > 1, 
(c) i&(2”), n > 2. 
+ O(G) means the largest normal subgroup of G of odd order. 
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COROLLARY 1. Suppose H is a weakly embedded subgroup of the jikte 
group G and O,,,,(H) rf O(H). Then, either G = H. O(G) OY the combsion 
of the main theorem holds. 
In addition to the notation of [7], we let SyI,(G) denote the set of Sylow 
p-subgroups of a finite group G, and we use the symbol < to denote strict 
inclusion. We also use the “bar convention” for homomorphic images. 
2. FIXED POINTS OF OPERATOR GROWS ON SOLVABLE GROUPS 
LEMMA 2.1. Suppose A is a r’-group qf operaton on the solvable m-group K 
and [K, A] = K. Let Y(K) be th e set of -4-inaariant Sylow subgroups of K. 
Then K = ([P, A] 1 PE Y(K)). 
Proof. We proceed by induction on 1 K /. Let K, = ([P, ;4] 1 P E 9(K)) 
and let N be a minimal normal subgroup of AK, with R = K/N. Then 
[E, A] = E and by standard results on coprime operator groups (see (7, 
p. 2241) it follows that Y(K) = (P / PE 9’(K)). By induction, we get 
K = K,,N. If  K,, # K, then K,, n N = 1 since K,, n Nis a normal subgroup 
of AK. But now, if P is an .4-invariant Sylow subgroup of K containing N, 
we have [N, A] _C [P, A] n N _C K,, n N = 1. Then, [K, N, A] = 
[N, d, K] = 1 so that [A, K, N] = [K, N] = I by the three subgroups 
lemma. Now K = K,, x N and [rZ, K] C K, , a contradiction. Thus K,, = K, 
as asserted. 
LEMMA 2.2. Suppose A is a ?r’-group of operators on the solvable r-group K 
and [K, A] = K. Let ;vl be the set of z4-invariant p-subgroups P of k’ such that 
(a) [P, A] = P, 
(b) B acts irreducibly orz P/@(P). 
ThenK = (PI PEY~>. 
Proof. By Lemma 2.1, we may assume that K is a p-group. Proceeding by 
induction on 1 K 1, we may assume that 9 acts reducibly on K/@(K), but A 
induces a completely reducible linear group by Maschke’s theorem. Thus, we 
conclude that K = K,K, with Ki g AK (i = 1, 2). Since [K, A] = K, we 
have [K/@(K), A] = K/@(K); so C,(A) C Q(K) by Fitting’s lemma. 
Moreover, Ki = [& , A] CKc(A) C [Ki , A] D(K) so that 
K = [KI , A][Kz , A] a(K). 
It follows that K = ([KI , A], [Kz ? A]), and the lemma now follows by 
induction in the groups [Ki , A] (i = 1, 2). 
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THEOREM 2.3. Suppose that A is a noncyclic Ahelian 7-r1-g2foup of operators 
on the sobable a-gmup K and [K, A] == K. Let DEc(a) = [C,(a), A] for each 
a E A*. Then 
(1) K = (D&a) j a E A+), 
(2) C,(A) = (DK(a) n C,(A) j a E A”). 
PYOOJ If Y; is as in Lemma 2.2 and P E Y1 , then P c DK(a) for some 
a G A+ by Schur’s lemma, since .A is noncyclic Abelian. Thus (1) is immediate. 
To prove (2), we proceed by induction on ( K 1. Let 
OK(A) = (D,(a) n C,(A) j a E A*), 
and suppose by way of contradiction that U,(A) < C,(A). Let A’ be a 
minimal normal subgroup of AK, and set i? = K/N. Then, [R, A] = K, 
and it follows by standard results on coprime operator groups (see [7, p. 2241) 
that C&&j = C&Q f  or any subset A, _C A. Then, D&a) = [C&a), A] = 
[C,(a), A] = [cK(a),A] = DK(a) for all a E A+. Thus, DE(A) = DK(Aj. 
By induction, Dtz-(-~j = C&A), whence C,(A) = C,(A) D,(A), and 
Cd4 g ad4 
Case I. There exists a minimal normal subgroup N of AK not centralized 
by A. We argue first that K = PN for some P E Y; . Namely, choose 
P E ;U; , set L = PiV, and suppose L f  K; then L is A-invariant and, by 
induction, the theorem holds in L, = [L, A], i.e., &(A) = CJA). By COR- 
struction, DL1(A) C D,(A); so CL1(A) = L, n D&l). Thus, 
L, n C,&l) C N n D,(A). 
Set lVO = [A, iVJ(lV n D,(A)), and set Ai1 = L, n 1V. Then X1 is 
A-invariant; so 
But L, 4 L and P = [P, -ill c L, . Thus, [A’, P] _C L, n X_C AJa , and Pj 
therefore, normalizes NO . Since we are assuming [AT, A] + 1, we have 
NO # 1, and if N,, == N, then M n D&l) == C,(/I) c D,(A), a contradic- 
tion. So 1 f  A~,, f  N. But NO is normalized by A and every P E -U; , whence 
-VO a AK bv Lemma 2.2, a contradiction. Therefore, K = PN for some 
P E z. By Schur’s lemma, [P, a] : 1 for some a E A+, and 1 # C.,(+ilj _C C,,(aj, 
But now AP x <a) acts on N; so -4P1i = 4K normalizes fZv(a). By 
minimality of lV, we have C,(a) = r\i, i.e., [K, a] == 1. Now K =: DK(a), and 
D&l> = C,(A), a contradiction. Thus, we may assume that we are in 
Case 11. B centralizes every minimal normal subgroup of AK. Let iv‘ be a 
minimal normal subgroup of AK; then [N, A, K] = [K, IL; A] = 1; so. 
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[14, K, N] = [K, N] I= 1. H ence N has prime order p. By the first part of 
the proof, C,(A) = D,(A)C,(A) = D&A)N = D&I) x N. If Nr is 
another minimal normal subgroup of AK, then 1 # NN, n D,(A) 4 AK, a 
contradiction. Thus, N is the unique minimal normal subgroup of AK. 
Let K/K1 be a chief A-factor, and set K, = [Kl , A]. By induction, C,?(A) = 
DKZ(-4), and clearly D,?(A) _C D,(A). Since [K, A] = K, we get C,(A) C Kl 
and K1 = K&‘,(A) == K,D&rl)N. Let K3 = K,D,(A); then CK3(A) = 
&&+‘KJA) = &(A). Th usN$Ka,whenceK,=Ka~N.ButNis 
the unique minimal normal subgroup of AK, so that K3 contains no charac- 
teristic subgroup of Kl . From this we conclude first that K,’ = 1 and then 
that Kl is an elementary Abelianp-group. If  Kis not ap-group, then K = QKl 
for some R-invariant q-group Q. Then .4Q acts on Kl , and N is AQ-invariant. 
By complete reducibility, Kl = M Y N where ilJ a aK, a contradiction, 
unless Kl = N, in which case K = Q x N and [K, A] _C Q which is also a 
contradiction. Thus K is a p-group. 
Since K/K1 is a chief A factor and A is noncyclic Abelian, K = KICK(a) 
for some a E A+. If  K = C&a), then D,(A) = C&4), a contradiction. Let Kr 
be a maximal A-invariant subgroup of K containing C&a); then K1 4 K, 
K/K1 is a chief A-factor, and the above argument shows that Kr is elementary 
Abelian. Hence, K = KICK(a) = li;E?, is the product of two normal ele- 
mentary Abelian groups. Since K is clearly non-Abelian, K has class 2 and 
G(K) c Kl n RI L Z(K). S. mce N is the unique minimal normal subgroup 
of AK, complete reducibility shows that Z(K) is cyclic, whence 
Z(K) = N = CR(A) is of order p. K - is, therefore, extra special. Moreover, 
we have shown that any A-invariant proper subgroup of K is Abelian. 
Let K = K/@(K); then commutation in K induces a nondegenerate sym- 
plectic form on K which is preserved by A, since [K’, A] = 1. Moreover, 
every /2-invariant proper subspace of K is totally isotropic. Since the 
dimension of a totally isotropic subspace is at most half the dimension of K, 
it follows that K = Kr x Ka , where Kd is an irreducible A-module. Since A 
is noncyclic Abelian, CA(K1) # 1. Let a E CA(Kr)+, x E x11”. Then (xi’ has 
codimension 1, and since K1 is totally isotropic, (x>’ = K1 x (Ka n (x)l). 
Thus Kz A (x>’ is (a)-invariant. By complete reducibility, 
where ( y> is (a)-invariant. Let ya = yi for some integer i, then 
1 f  [x, y] = [P, y”] = [x, yi] = [x, y]?lli, whence i = 1. Therefore, 
y E C*(U) n K2 . 
Since C&u) is A-invariant and dim C&a) > 4 dim K, we must have 
CR(a) = K, i.e., K = CK(u) and D,(A) = C,(A). The proof is complete. 
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3. A SIGNALIZER THEOREM 
We nom apply the results of [6] together with Theorem 2.3 to obtain 
THEOREM 3.1. suppose B is an Abelian ?-subgroup qf the jkite group G 
and m(B) > 3. Further, suppose that A is a noncyclic subgroup of B sucA that 
‘4 C O,,,,(C(b)) fey each involution b E B. Then, (O(C(a)) 1 a E QljA)+) has odd 
order. 
Proo$ Replacing B by Qi(B) and 4 by O,(d), ‘f 1 necessary, we may assume 
without loss that l3 is elementary Abelian. For each b E B’, define 
YC(W = l9(W)), 4 . (O!wJN f-J C(4). 
Note the the right-hand factor normalizes the left-hand factor and both 
factors are B-invariant, whence B(C(b)) is B-’ mvariant of odd order, for each 
b E P. By the Feit-Thompson theorem [4], B(C(B)) is solvable for all b E B+. 
We argue that 6’ is a B-signalizer functor on G, as defined in [6]. To do this, 
we must show that 0 is “balanced”, i.e., that if b, b, c R+> then 
C(b,) n 6(C(b)) L B(C(b,jj. 
Fis 2 involutions 6, b, of B, and let K = C(b,) n B(C(b)). Then, 
K = [K, A] . C,(A). SetL = C(b,), and setL = L/O(L). Since A C 0,,,2(L) 
by hypothesis, -4 c O,(L). Therefore, [K, 41 = [K, -41 C O,(L), but [K,Aj 
has odd order; so we conclude [K, L4] = 1. That is, we have [K, ~$1 c O(L) 
and so [K, -41 = [K, A, rZ] C [O(L), A]. It therefore suffices to show that 
C,(A) c O(C(A)). 
We will prove more, namely, that C(A) n B(C(b)) 5 O(C(A)j. Let 
iM = [O(Cjb)), A]; th en by definition B(C(b)) = (O(C(A)) n C(b)) . M, 
whence C(PJ) n B(C(b)) = (O(C(A)) n C(6)) C,,(A). Thus, it suffices to 
prove C,,,(a) C O(C($)). For this purpose, we use Theorem 2.3. Namely, d is 
a noncyclic Z-group of operators on 111 and [M, a] == A. Thus, 
C,,(A) = ‘<C(a) n [Catr(a), d] j a E A+>. 
Set MD = [C,(u), A]; then we need only prove that C,V1Q(-4) c O(C(A)j for 
all a E B+. Set N = C(a); then A C O,,,,(N) by hypothesis, and it follows as 
before that n/r, = [Ma ) L4] !Z O(N). But C(A) C LV, whence 
C&4) == C(A) n lb& C C(9) n O(N) C O(C(d)), 
as required. Now we get C,,(A) C O(C(A)), and then 
C(A) n B(C(h)) C O(C(A)). 
Thus, C,(A) C O(G(A)), and we have proved that B is balanced. 
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Since nz(B) > 3, we can apply the main theorem of [6] to conclude that the 
group (B(C(b)) 1 b E B+ j h as odd order. But we claim that O(C(a)) 2 B(C(a)) 
for all a E ;2#, from which the theorem follows immediately. Namely, set 
K = O(C(a)); then K = [K, A] C,(A). By construction, [K, A] C e(C(a)), 
and, since C(A) C C(a), C,(A) _C O(C(d)) C e(C(a)). The proof is complete. 
COROLLARY 3.2. Assume the hypotheses of Theorem 3.1, and let 
W = [(O(C(a)) / a EJ&(A)+), A]. 
IfX is any A&variant subgroup of G ojfodd order, then [X, A] C IV. Thus, Wis 
the unique maximal A-invariant subgroup of G of odd order such that 
[TV, 81 = Iv. 
Proof. Set K = [X, A]; then K = [K, A], and, by Theorem 2.3, 
K = ([C&a), A] / a E A*>. Since A _C Os,,,(C(a)), it follows as before that 
[Cd4 AI C O(W> f or all a E A#, whence KC <O(C(a)) 1 a E As). Now 
K = [K, r2] C IV. Since R’ has odd order by Theorem 3.1, the corollary is 
proved. 
4. THE MAIN THEOREM 
We begin by calling attention to the following result which is a consequence 
of some work of Brauer [3], G. Higman [9], Gorenstein-Walter [8], and 
Lyons [IO]. 
THEOREM 4.1. Suppose T is a Sylow 2-subgroup of a finite group G alzd 
L$(T) = Z(T) has ordm 4. Then G/O(G) h as a zonnal subgroup which is either 
elementary of ordH 4 OY is of odd index and is isomorphic to one of the following 
groups: 
(a) L,(q), q = 3, 5 (mod 8), 
(b) u,(4). 
Proof. By induction, we may assume that O(G) = 1 and 02’(G) = G. 
By Glauberman’s Z*-theorem and a well-known fusion argument of Burnside 
[7, p. 2401 it foIlows that either SZ,(T) _C Z(G) or that T admits an auto- 
morphism of order 3 which is transitive on Q1( T)#. Thus, we may assume the 
latter possibility, in which case T is either homocyclic Abelian on 2 generators 
or is special of order 64, by a theorem of G. Higman [9]. In the latter case, 
we get that G = T or G is isomorphic to U,(4) by a recent theorem of 
Lyons [IO]. On the other hand, if T is homocyclic Abelian, then either 
] T 1 = 4 or G = T by Theorem 1 of Brauer [3]. Thus, we are reduced to 
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the case that T is elementary of order 4, whence G = T or G s&(q) (q = 3, 5 
mod 8) by Gorenstein-Walter [X]. 
LEMMA 4.2. Szcppose G is a finite group and G = H . O(G) for some sub- 
group H C 6. Then H is weakly embedded iz G. If  H is aq zueakLv embedded 
subgroup of 6, then H controls the fusion of its 2-elements. 
Proof. Suppose G = H. O(G) and T is any 2-subgroup of H. Let 
g E _Y,JT), with g = hs for some h E H: .Y E O(G). Let T1 = Til; then 
<‘T, , T,“‘; L H, whence [T, , x] C N n O(G). Therefore, 
Tlx C Tl . (H n O(G)); 
so we get T, ZZ1 = Tl for some x1 E H n O(G), by Sylow’s theorem. Now, we 
have T E Th” = Tlx = Tf”1”;’ = Thzl’; so that lza;l E A&(T) and 
g = Ax = (~s;~)(x~$ Th us, xPy E NG(T) n O(G) C O(iV,(T)), and we 
conclude that NG(T) = N,(T) . O(N,( T)). In particular, H is weakly 
embedded in G. Moreover, if t is a 2-element in H and tg E H for some 
g E G, then setting g = hx and t, = th as above, we get t,” I= tT;l for 
some x1 E H n O(G). Therefore, tg = t,” = tf;’ == thiZ.;l where Rx;’ E H. 
So, in this case, H controls the fusion of its 2-elements. 
Now suppose that H is any weakly embedded subgroup of G. Let 
T E S&(H); then j NJ T) : iV,( T)! is odd; so T E S&(G). We argue that H 
controls fusion in T with respect to G, whence it follows by Sylow’s theorem 
that H controls the fusion of its 2-elements. Suppose that, x, xv E T for some 
g E G. We wish to show that x0 = xh for some h E H. However, Alperin’s 
theorem [I] shows that, to prove this, it is enough to treat two special cases: 
(a) g is a 2-element in N,(T,-,) for some subgroup T, of T containing xr 
(bj g E N6(T). 
Consider case (a). Then g necessarily centralizes some involution t E Z(T,). 
But by hypothesis we have C,(t) = CH(t) . O(C,(t)), and we have already 
shown that in this case xQ = xh for some h E CH(t). In case (b), we have 
IV,(T) = IV,(T) . O(N,(T)), whence again we get x9 = xh for some 
h E iV,( T) by previous arguments. The proof is complete. 
We now proceed by way of contradiction with the proof of the 
main theorem. In the following three lemmas, we assume that G is a minimal 
counterexample, that A is a 2-subgroup of G of minimal order for which 
AT,(A) is proper and weakly embedded, and that T is a fured Sylow 2-subgroup 
of NG(A). Note that T is obviously a Sylow 2-subgroup of G. 
LEMMA 4.3. O(G) = 1 and A is elementary dbelian. 
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Proof. Set G = G/O(G); th en it is easy to check that N&4) = fV~(2) 
is weakly embedded in G, whence O(G) = 1 by induction. Let 8, = 
QQV>>, and supp ose that A, < A. Since N&4) _C N&Z,), it is clear that 
Nc(&) is weakly embedded. Thus, A, 4 G by our minimal choice of A. 
Let K = C&Z,) 4 G, then O(K) _C O(G) = 1. Choose a, E A,* and let 
L = Cc(aO); then A_CK_CL and O(L)nKCO(K) = 1. LetE =L/O(L); 
then KYK, and our hypothesis is Aq L. Thus A g K, so that 
A C O,(K) _C O,(G) _C T. Since N,(A) controls fusion in T by Lemma 4.2, it 
follows that if a E A andg E G, then ag E A, whence A -3 G, a contradiction. 
Thus ,4 = A, is elementary Abelian. 
LEMMA 4.4. If  7 is an invobtion in T, then C,(r) is noncyclic. Mweover, 
there exists an elementary Abelian subgroup B such that A c B c T and 
m(B) 3 3. 
Proof. I f  m(4) 3 3, then any involution r E T induces on A a linear 
transformation with at least two Jordan blocks, whence C,(T) is noncyclic. 
Taking B = B, we are done in this case. 
Thus we may assume that m(A) < 2. If  .4 = <T> is cyclic, then 7 is a 
weakly closed involution, since No(A) controls fusion in T. Then A C Z(G) by 
Glauberman’s Z*-theorem [Sj, a contradiction. 
We consider the remaining case m(,4) = 2. Here No(A)/C,(A) > 5’s, the 
non-Abelian group of order 6. Since N,(A) controls fusion in T, the focal 
subgroup theorem [7, p. 2501, y’ Id re s a normal subgroup Ga a G of index at 
the most 2 such that if T,, = T n G,, , then A _C Z(T,,). We argue that 
G = G,, , for suppose not. Then, since N,(A) controls fusion in T we get 
Nc( T,) C N,(A) because A _C T,, _C T. Thus NcO( T,,) _C N,O(A). Let 7 be an 
involution in T,, ; then CcO(,) g C,(T). Clearly, 0(&(r)) c G,, , whence 
O(Co(4 = WG~(~>>. Thus, Gob-) = (Cc&> n ~G(4) * wq+; so 
NGO(A) is weakly embedded in G, . Since O(G,) _C O(G) = 1, we conclude 
by induction that either A g G,, or G, has a normal subgroup G1 containing 
A and isomorphic to one of the groups listed in the main theorem such that 
CGo(Gl) = 1. If  AgG,, then A 4 TG,, = G, a contradiction. In the 
second case, we have C,(G,) _C Cc(A) _C G, , whence Co(G,) = 1. This 
implies that G1 a G, since G1 is simple, and then G 2 Aut G,, a contra- 
diction. Therefore, G =I G,, . 
In particular, A _C Z(T), whence C,(T) = A is noncyclic for all involutions 
7 E T. If  A is not contained in an elementary group of order 8, then 
A = Qi( T). But now we apply Theorem 4.1 to conclude that either A a G, 
a contradiction, or G has a normal subgroup G1 of odd index isomorphic to 
one of the groups listed in the statement of the main theorem. Then 
C,(G,) n Gr = 1, whence C,(G,) C O(G) = 1 and G “;;3 Aut G,, a contra- 
diction. The proof of Lemma 4.4 is complete. 
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LEMMA 4.5. G does not exist. 
PPOOJ: By Lemma 4.4, -4 is noncyclic and contained in an elementary 
Abelian subgroup B with nz(B) 3 3. Since No(A) is weakly embedded, it 
follows, in particular, that A c O,*,,(C(b)) for all b E B+. By Theorem 3.1, the 
group W == (O(C(a)) / a E A*) has odd order. Clearly, No(a) c Arc(W), 
Set M = N,(W) if 11’ # 1, or set ill = N&4) if W = 1. Since O(G) = 1, 
we have in any case that ill < G. Moreover, 
whence C,(a) C M for all a E A+. We have T C N&4) C M and in fact 
NJT) C N,(A) C Jf, since N,(A) controls fusion in T. Suppose 7 is an 
involution in T; then C,(T) is noncyclic by Lemma 4.4, whence 
O(C(T)) = <O(C(T)) n C(a) / a E CA(T)) 
by [7, p. 2251. Thus O(C(T)) Z JU. Since C(T) = O(C(T>) . (C(T) n .No(--2)), 
we get C(T) C M for every involution 7 E T. Since T is a Sylow 2-subgroup of 
G, it follows that M is a proper strongly embedded subgroup of G. By the 
fundamental classification theorem of Bender [2], we conclude that G has a 
normal subgroup Gi of odd index isomorphic to one of the groups listed in the 
main theorem. As before, we get C,(GJ C O(G) = 1 and G “;zt Aut G,, a 
contradiction which compIetes the proof of the main theorem. 
Proof of corollary 1. Suppose H is weakly embedded in G and 
O,,,,(H) # O(H). As before, we may assume by induction that O(G) = 1. 
Let A E Syl,(O,,,,(H)); then H = N,(A)O(H). By Lemma 4.2, N,(A) is 
weakly embedded in H. Suppose T is a 2-subgroup of -NH(A), which is either 
of order 2 or a Sylow 2-subgroup of N,(A). Then No(T) = N,(T) . O(N,( T)) 
by hypothesis, and N,(T) = (N,(T) n N”(A)) . O(N,(‘T)). Combining 
these statements, we easily verify that N,(A) is weakly embedded in 6, and, 
since N,(A) 2 No(a), that A/c(A) is weakly embedded in G. If  N,(A) # G, 
the conclusion of the main theorem holds. Thus, we may assume 12 4 G and 
show that H = 6. We claim that Co(A) C H, because, if we set K = C,(a) 
for some involution a E Z(A), then K = (K n H)O(K). Since $ a K, 
L-4, O(K)] C A n O(K) = 1; SO O(K) C C,(a) C K. Thus, 
O(K) C 0(&(A)) C O(G) = 1, 
and we get KC H. 
Now suppose T is any 2-subgroup of H, and set Y = O(No(T)). Then 
T x Y acts on A and [Y, C,(T)] C Y n -4 = 1. By the Thompson P x Q 
lemma 17, p. 1791 we have [Y, A] = 1, whence Y c H. Thus, if T has order 2 
or is a Sylow 2-subgroup of H, we get Arc(T) C H. Now it follows that if 
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T* E Syl,(G), then first, B C T*, whence Z(T*) C C,(A) _C H, next that 
T* C C,(Z(T*)) _C H, next that O”‘(G) _C H, and finally, by the Frattini 
argument, G = 02’(G)No(T) f  or any Sylow 2-subgroup T, whence H = G as 
required. 
5. A CHARACTERIZATION OF S,(8) 
THEOREM 5.1. Suppose T is a Sylow 2-subgroup qf the$m’te group G such 
that sZ,( T) = Z(T) h as order 8 and T has order 64. If O,,,,(G) = 1, thez G ha 
a nosmal subgroup of odd imlex isomorphic to the simple group S,(8). 
Proof. Let G be a minimal counterexample; then it is immediate that 
O(G) = 1 and Oa’(G) = G. By Glauberman’s Z*-theorem [5] and a standard 
fusion result of Burnside [7, p. 2401 it follows easily that No(T)/TCo(T) 
induces a group of linear transformations of odd order on Z(T) which has no 
principal constituent. Inspecting the subgroups of odd order of GL(3, 2) 
which are not contained in GL(2,2), we find an elements of order 7”(a > 1) in 
Nc( T) which permutes transitively the involutions of T. 
Let K = C,(Z(T)); we argue that K has a normal 2-complement. Namely, 
we have T&(T) _C N,(T) a No(T). Let A,(T) = N,(T)/TC,( T); then 
A,(T) has odd order, and A,(T) = ~~(T)/TCo(T) 4 A,(T). But A,(T) is 
faithfully represented on T/@(T), an elementary group of order 8, and we 
have already shown that 7 1 A,(T) : A,(T)/. Again inspecting the subgroups 
of GL(3,2) of odd order, we find that a Sylow 7-subgroup of AG( T) is normal 
and self-centralizing. It follows that AK(T) = 1, i.e., N,(T) = TC,(T). 
Setting R L- K/Z(T), we get N,(T) = NK(T) =: T. By Burnside’s transfer 
theorem [7, p. 2521 we conclude that K/Z has a normal 2-complement Q/Z. 
Then Q = O(K) x Z, and thus, K has a normal 2-complement. 
Choose z E Z(T), and set L = C,(x). Since K a N,(Z(T)), the Frattini 
argument yields N,(Z(T)) = N,(T)K = N,(T) O(lv,(Z(T))). Since 
Z(T) = Ql(T) is weakly closed in T with respect to G, (and hence with respect 
to L) Corollary 5.3 of [l] shows that NL(Z( T)) controls fusion in T with respect 
to L. By Lemma 4.2, we conclude that iVL( T) controls fusion in T with respect 
to L. We next argue that Z(T) _C O,,.,(L). 
We have TC( T) _C NK( T) d NL( T). Set AL(T) = NL( T)/TC( T); then, 
since A,(T) = 1 by the above, AL(T) acts faithfully on Z(T) and T/@(T). 
Inspection of subgroups of odd order of GL(2, 2) shows that / A,(T)/ = 1 
or 3. If  ] AL( T)I = 1, then T controls fusion in T with respect to L, whence L 
has a normal 2-complement by a theorem of Frobenius [7, p. 2531 and 
certainly Z(T) C O,,,,(L) in this case. So, assume / A,(T)1 = 3, and let x be 
an element of order 3n(a 3 1) in NL( T) such that NL( T) = (x> TC( T). 
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Since T admits an automorphism of order 7 transitive on Z(T)+, it follows 
that every involution in Z(T) has exactly 8 square roots in T. Since x fixes 
exactly one involution in Z(T), namely 2 and exactly one coset of Z(T) in T, 
say Z(T) y, where y” = y, we conclude that y’ == 2. Let TI = [T, (x)]. 
Then x fixes no element of order 4 in TI ; so x is not a square in T,(z), 
Set TI = T,<zj/(xj; then TI has exactly 3 involutions which are permuted 
transitively by an automorphism of order 3. By Higman’s theorem [9], me 
conclude that TX N 2, x 2, . 
However, since Ai, controls fusion in 1’ with respect to L, the focal 
subgroup theorem implies that L has a normal subgroup L, of index 2 such 
that L, n T = T,Z( T). Then L,/O(L)(zj h as a Sylow 2-subgroup isomorphic 
to Z, x Z, . By Theorem 1 of [3], L,/O(L)( x is solvable. Therefore L is > 
solvable; so L is z-constrained and Z( 2’) C O,J,,(L) as required. 
Finally, since Z(T) = O,(T) C O,,,,(L), ‘t 1 is immediate that Z( T)O(L) (1 L, 
i.e., L = XL(Z( T)) O(L). S ince No(T) C No(Z( T)), it follows that N,(Z(T)) 
is weakly embedded in G. By the main theorem of this paper, we conclude 
that G has a normal subgroup of odd index isomorphic to S,(S). 
REFERENCES 
1. J. L. ALPERIN, Sylow intersections and fusion, J. Algebra 6 (1967), 222-241. 
2. H. BMDER, Finite groups having a strongly embedded subgroup, to appear. 
3. R. BR.4U!xR, Some applications of the theory of blocks of characters of finite groups 
II, J. Algebra 1 (1964), 307-334. 
4. W. FEIT AND J. G. THonwSoN, Solvability of groups of odd order, Pac$c 1. 
Math. 13 (1963), 775-1029. 
?i. G. GL.4UBERi%Im, Central elements in core-free groups, j. Algebra 4 (1966), 
403-420. 
6. D. NI. GOLDSCHMIDT, 2-Signalizer functors on finite groups, J. AZgebm 21 (1972). 
321-340. 
7. D. GORENSTEIN, “Finite Groups,” Harper and Row, New York, 1968. 
5. D. GORENSTEIN .~ND J. H. WALTER, The characterization of finite groups with 
dihedral Sylow 2-subgroups I, II, III, J. Algebra 2 (1965), 85-151, 218-270, 
334-393. 
9. G. Hmu.m, Suzuki 2-groups, Ill. J. Muth~ 7 (1963), 79-96. 
10. R. LSONS, A characterization of U,(4), to appear. 
